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Word Equation (Example)
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Solving a Word Equation (Example)
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● Find assignments to variables that make the equality hold true (SAT)
● Prove there is no assignment to make the equality hold true (UNSAT)



Solving a Word Equation (Example)
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Word Equation Problem
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● Important in modeling string constraints in verification tasks
○ E.g., Validate user inputs, ensuring correct string manipulations

● Difficult to solve
○ Decision procedures such as [1] and [2] has no implementation
○ Practical algorithms are incomplete

[1] Makanin, G.S.: The problem of solvability of equations in a free semigroup. Math. Sb. 
(N.S.) 103(145)(2(6)), 147–236 (1977)
[2] Plandowski, W.: Satisfiability of word equations with constants is in pspace. In: 40th 
Annual Symposium on Foundations of Computer Science, 495–500 (1999).



Word Equation Problem 
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● Difficult to solve (example)
○ Z3, cvc5, Ostrich, Z3-noodler, and Woorpje cannot solve it in 300 

seconds 



Contributions
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● Define a set of calculus rules for word equation extended from [3]
● A framework applying the calculus and guided by Graph Neural Networks 

(GNNs)
● The experimental results show that the framework is competitive to 

leading string solvers for SAT problems

[3] Abdulla, P.A., Atig, M.F., Chen, Y.F., Holık, L., Rezine, A., Rummer, P., 
Stenman, J.: String constraints for verification. Computer Aided Verification, 
150–166 (2014)



Calculus
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● Based on the Nielsen transformation [4]
● Continuously simplify the first terms of both sides

[4] Nielsen, J.: Die Isomorphismen der allgemeinen, unendlichen Gruppe mit 
zwei Erzeugenden. Mathematische Annalen 78, 385–397 (1917).



Calculus (Example)
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● Based on the Nielsen transformation [4]
● Continuously simplify the first terms of both sides



Calculus
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● May not terminate



Calculus (Example)
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● The idea of the simplification
○ Variable - Variable
○ Variable -  Letter
○ Letter -  Letter



Calculus (Example)
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● First terms are Variable -  Variable 
■ Intuition: length
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Calculus (Example)
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● First terms are Variable -  Terminal
○ Intuition: length
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Calculus (Example)

14

● First terms are Letter-  Letter
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Split Algorithm (Constructing the Proof Tree)
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Split Algorithm (Constructing the Proof Tree)
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Split Algorithm (Constructing the Proof Tree)

17Guiding Word Equation Solving using Graph Neural Networks. Parosh A., et al.         



Split Algorithm (Constructing the Proof Tree)
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Split Algorithm (Constructing the Proof Tree)
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Split Algorithm (A Path Leading to SAT)
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Split Algorithm (A Shortest Path Leading to SAT)
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Split Algorithm (Proof Tree for UNSAT Problem)
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● Need explore all paths to 
conclude UNSAT



Working Pipeline (Data-driven Based Heuristic)

23Guiding Word Equation Solving using Graph Neural Networks. Parosh A., et al.         



Graph Neural Networks (GNNs)
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● A set of fully connected neural networks
● Take graph as input, output node and graph representations
● Can capture the structural features of graph



Label the Training Data at a Branch Point
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Label the Training Data at a Branch Point
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Graph Representations of Word Equation



Model Structure
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Benchmarks 1-4
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1. Randomly generated SAT word equation



Benchmarks 1-4
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1. Randomly generated SAT word equation
2. Word equation with a particular pattern [5]

[5] Day, J.D., Ehlers, T., Kulczynski, M., Manea, F., Nowotka, D., Poulsen, D.B.: On solving 
word equations using SAT. Reachability Problems, 93–106. (2019)



Benchmarks 1-4
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1. One randomly generated SAT word equation
2. One word equation with a particular pattern
3. Conjunctive word equations of Benchmark 1



Benchmarks 1-4
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1. One randomly generated SAT word equation
2. One word equation with a particular pattern
3. Conjunctive word equations of Benchmark 1
4. QF_S, QF_SLIA, and QF_SNLIA tracks of SMT-LIB without length 

constraints, regular expressions, and Boolean operators



Benchmarks 1-4 (Overview)
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1. One randomly generated SAT word equation
2. One word equation with a particular pattern
3. Conjunctive word equations of Benchmark 1
4. QF_S, QF_SLIA, and QF_SNLIA tracks of SMT-LIB without length 

constraints, regular expressions, and Boolean operators
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1. One randomly generated SAT word equation
2. One word equation with a particular pattern
3. Conjunctive word equations of Benchmark 1
4. QF_S, QF_SLIA, and QF_SNLIA tracks of SMT-LIB without length 

constraints, regular expressions, and Boolean operators
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1. One randomly generated SAT word equation
2. One word equation with a particular pattern
3. Conjunctive word equations of Benchmark 1
4. QF_S, QF_SLIA, and QF_SNLIA tracks of SMT-LIB without length 
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Benchmarks 1-4 (Overview)

36Guiding Word Equation Solving using Graph Neural Networks. Parosh A., et al.         

1. One randomly generated SAT word equation
2. One word equation with a particular pattern
3. Conjunctive word equations of Benchmark 1
4. QF_S, QF_SLIA, and QF_SNLIA tracks of SMT-LIB without length 

constraints, regular expressions, and Boolean operators



Experimental Results (Benchmark 1)
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Experimental Results (Benchmark 1)
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Experimental Results (Benchmark 1)
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Experimental Results (Benchmark 1)
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Experimental Results (Benchmark 2)
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Experimental Results (Benchmark 3)
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Experimental Results (Benchmark 4)
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Conclusion
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● Our framework simple but worked well
● Split algorithm is good at solving SAT word equation problems
● GNN guided version is good at solving problems with particular pattern

Future work
● Handle UNSAT problem more efficiently
● Extend to including regular expression

Guiding Word Equation Solving using Graph Neural Networks. Parosh A., et al.         



Thank you!

Q & A
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Benchmark 1
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● One randomly generated SAT word equation
○ Construct a word equation with only terminals and SAT
○ Repeatedly replace substrings by fresh variables

aksfjdfbaboiwqeuafhkajshfweeta = aksfjdfbaboiwqeuafhkajshfweeta 

aksAaboiwqeuafhkajshfweeta = aksfjdfbaboiwqeuafhkajshBCDta

aksAaboiwqeuafhkajshfweeta = aksfjdfbaboiwqeuafhkajshBCDta

aksCwqeuafhkajshfweeta = aksfjdfbabDeuafhkajshBCDta



Benchmark 2
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● Generate a word equation with following pattern [4]:

● Replacing each terminal b in with a randomly generated string:

[4] Day, J.D., Ehlers, T., Kulczynski, M., Manea, F., Nowotka, D., Poulsen, D.B.: On solving 
word equations using SAT. In: Filiot, E., Jungers, R., Potapov, I. (eds.) Reachability Problems. 
pp. 93–106. Springer International Publishing, Cham (2019) 



Benchmark 3
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● Conjoining 1-100 word equations from Benchmark 1



Benchmark 4
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● Extracted from the non-incremental QF_S, QF_SLIA, and QF_SNLIA 
tracks of SMT-LIB by removing their length constraints, regular 
expressions, and Boolean operators



Experimental Results
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Proof rules (Extend to Conjunctive Word Equations)
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● First terms are Variable -  Terminal (remove this slide)

Guiding Word Equation Solving using Graph Neural Networks. Parosh A., et al.         



MUSHyperNet Framework (GNN model):  
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Conjunctive Word Equations

59Guiding Word Equation Solving using Graph Neural Networks. Parosh A., et al.         

● Transform conjunctive word equations to a single word equation



Conjunctive Word Equations
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● Encode conjunctive word equations to a single word equation



Split Algorithm (Constructing the Proof Tree)
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Split Algorithm (Constructing the Proof Tree)
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Split Algorithm (Constructing the Proof Tree)
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Split Algorithm (Constructing the Proof Tree)
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Split Algorithm (Constructing the Proof Tree)

65Guiding Word Equation Solving using Graph Neural Networks. Parosh A., et al.         



Split Algorithm (Constructing the Proof Tree)
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Benchmarks (merge with previous slide)
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